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We present a theory for the interaction between motile particles in an elastic medium on a sub-
strate, relying on two arguments: a moving particle creates a strikingly fore-aft asymmetric distor-
tion in the elastic medium; this strain field reorients other particles. We show that this leads to
sensing, attraction and pursuit, with a non-reciprocal character, between a pair of motile particles.
We confirm the predicted distortion fields and non-mutual trail-following in our experiments and
simulations on polar granular rods made motile by vibration, moving through a dense monolayer of
beads in its crystalline phase. Our theory should be of relevance to the interaction of motile cells
in the extracellular matrix or in a supported layer of gel or tissue.
A self-propelled particle moving through a fluid
medium influences other such particles through an in-
teraction that is long-ranged in the purely viscous limit,
with profound consequences for pair interaction and col-
lective behaviour [1–5]. Particles dispersed in an ordered
medium at thermal equilibrium interact through long-
ranged structural distortions [6], suppression of fluctu-
ations, [7, 8], or sharing a disordered wetting layer [9].
Novel fluctuation forces arise between inclusions when
the medium is held far from equilibrium [10]. The case
of living cells, interacting through the distortions that
their intrinsic force-dipoles produce in a passive elastic
medium such as the extracellular matrix, has received
considerable attention [11–14]. The effect, however, is
described primarily in terms of an effective interaction
energy. Moreover, the motility of the cells has not been
taken into account. Active polar order in elastic me-
dia has been studied in [15–21], with a fully rotation-
invariant theory in [22]. Henkes et al. [23] study the
effect of a collection of motile but non-interacting active
Brownian particles on an elastic medium on a substrate.
In this Letter we construct the single-particle and
pair dynamics of geometrically polar active objects in
a damped elastic medium, and present evidence support-
ing our predictions from laboratory and numerical ex-
periments. Our detailed results are for dimension d = 2
but their general structure applies to d = 3 as well [24].
We show that the force monopole carried by a single
self-propelled rod with speed v0 gives rise to an elas-
tic wake with anisotropic screening beyond length scales
ξ ≡ µ/ζv0 where µ is a typical elastic modulus of the
medium and ζ a damping coefficient. The exponential
screening is strongest ahead of the rod and absent di-
rectly behind it. The lattice distortions produced by a
given rod reorient other rods, thus presenting an explicit
mechanical realization of an active non-reciprocal inter-
action [25–31] between pairs of rods that cannot be de-
scribed in terms of a potential energy. We test our theory
in simulations and experiments on monolayers of vibrated
grains. We find confirmation of the form of the single-
particle elastic field (Fig. 1), and of the non-reciprocal
character of the pair interaction in the form of pursuit-
and-capture events (Fig.4).
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FIG. 1. Normalized displacement field: (a) around a moving
rod in the crystalline bead medium from the simulation, and
(b) around a force monopole moving along the x direction
calculated from the theory. (c) & (d) x dependence of Ux
at y = 0 in simulation and theory: both cases see the rapid
decay of Ux(x, y = 0) for x > 0 as compared to x < 0. (e)
& (f) x dependence of Uy at x = 4a in simulation and at
yµ/f = 1 in theory.
We now show how we arrived at these findings. We
begin with the calculation of the Eulerian displacement
field u(x, t) of an elastic medium on a substrate, driven
by a single motile polar particle. Unlike in [23], we distin-
guish the particles driving the medium from those that
comprise it, and in the present work our focus is on single-
particle and pair dynamics, not collective behaviour. We
do not offer a theory of the motility of the particle but
simply assume its position R(t) follows
R˙(t) = v0n(t) (1)
where the unit vector n(t) is its orientation at time t
and the speed v0 is assumed to be fixed by the motility
2mechanism. It is straightforward to include noise in (1)
as well as in the dynamics of n(t) and the medium, but
our analysis will focus on the deterministic part of the
dynamics.
We assume that in the absence of driving u(x, t) is
governed by a free energy functional
F =
∫
d2x [λ(Trε)2/2 + µTr(ε2)] (2)
where ε = (∇u +∇uT)/2 is the symmetric strain ten-
sor [32]. We treat the medium as an isotropic elastic
continuum, ignoring for now the role of preferred direc-
tions in the lattice [33]. Indeed, our treatment does not
assume a crystalline medium, merely one with a shear
and a bulk modulus, and as such should apply to motion
through a glass or gel, modulo effects of quenched disor-
der. As argued in [34], the pushing or dragging of the
beads by the motile rod amounts to a point force den-
sity fδ(r −R(t))n(t) at the location of the rod. Such a
monopole of force, proportional to the local polarization,
is permitted because the system is in contact with a sub-
strate which serves as a momentum sink [22, 34–36]. We
will treat v0 and f as independent phenomenological pa-
rameters, although they must be related by the detailed
mechanics of our system. The equation of motion for u
for zero inertia then reads
ζ∂tu = −δF
δu
+ fδ(r−R(t))n(t), (3)
where ζ is the coefficient of drag on the elastic medium
due to the substrate. Let the displacement field in a
frame comoving and co-rotating with the rod beU, which
is stationary if no other moving rods are present. The
lab-frame displacement u(r, t) = S(t) ·U(r′), where S is
the rotation matrix from the frame fixed in the rod to the
lab frame and r′ = ST · (r − R(t)). For the case where
the motile particle points and moves along xˆ, Eq. (3)
simplifies ([37], S1) to
[−ζv0∂x − (µ∇2 + λ∇∇·)]U = fδ(r)xˆ. (4)
Solving (4) in Fourier space and inverting [38] gives the
x and y components of U ([37], S1):
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where r =
√
x2 + y2, ξ = µ/ζv0 is a screening length,
ν = (1+η)−1 with η = λ/µ, andK0 andK1 are the modi-
fied Bessel functions of the second kind whose asymptotic
properties reveal that, for locations along the x axis, the
dominant large-x decay of U is exponential ahead of the
motile particle but only as 1/
√
x behind it [see Fig. 1(d)
and (f) and ([37], S1)]. We will see below that this ex-
treme asymmetry confers stealth on a motile rod as it
approaches another from behind, a feature central to the
non-reciprocal pair interaction.
Note from (4) that the force monopole introduces a
quantity f/µ with units of length [39]. It is thus useful
to define the dimensionless inverse screening length α =
f/µξ = ζfv0/µ
2, which can be viewed as a Pe´clet number
comparing the time scales of diffusion of u and directed
motion of the motile particle for a distance f/µ. The
normalized profile of U is shown in Fig. 1b for η = 10
and α = 1.
FIG. 2. For a single motile particle moving along the x direc-
tion: (a) Streamline plot of γ1∇
2u+ γ2∇∇ ·u superimposed
with the color map of its magnitude, and (b) Principal axis
of the traceless part of κε superimposed with the color map
of its positive eigen value at κf/µv0 = 1. The color map is
shown on a log scale in both the figures. Trajectories of the
two motile particles coupled with each other’s displacement
field via Eq. (7) for initial lateral distance dµ/f = 5: (c)
κf/µv0 = 0, and (d) κf/µv0 = 0.5. Here, γ1/v0 = γ2/v0 = 1,
η = 1 and α = 1.
In (1) we have ignored direct coupling of the particle
to elastic distortions of the medium, and consequent in-
teractions between inclusions [6]. We will see later that
this neglect is wholly justified for the particles in our
experiments and simulations. The effect of the elastic
medium on a motile rod in our theory must therefore
take place purely through rotation of n and the resulting
re-direction of the velocity of self-propulsion, much as in
the imitation of chemotaxis by active colloids [31, 40–43].
3The general form of the interaction of the orientation n
with lattice distortions, as permitted by symmetry and
at leading orders in gradients, is
dn
dt
= (I− nn) · [κε · n+ (γ1∇2 + γ2∇∇·)u] . (7)
The couplings in (7) could arise through an interaction
free-energy −(κ/2)n · ε · n− n · (γ1∇2 + γ2∇∇·)u, with
u and ε evaluated at the position R(t) of the motile
particle, or via active response to structural distortions
[44]. In a gradient expansion, the phenomenological coef-
ficient κ governs the leading apolar coupling, even under
n→ −n, promoting the alignment of the axis of the par-
ticle along a principal direction of ε. The γ1, γ2 terms, at
next order in gradients and thus neglected in the related
theory of oriented active solids [22], are nonetheless the
leading polar coupling[16, 45], odd under n→ −n, bias-
ing n to point in a direction defined by a weighted average
of the curvatures ∇2u and∇∇ ·u. Such couplings enter-
ing through an energy function would of course lead to
additional terms in (3), proportional to n∇∇δ(r−R(t)),
but these would be subdominant in gradients relative
to the f term so we ignore them. for a discussion on
origins of γ1, γ2 see ([37], S2). To understand the be-
haviour implied by (7), we construct the streamline plot
of γ1∇2u+ γ2∇∇ · u and the profile of the larger eigen-
vector of the traceless part of κε, respectively, as created
by a motile particle pointing along the x direction, choos-
ing positive values for the relevant dimensionless combi-
nations: γ1/v0 = γ2/v0 = 1, η = 1, κf/µv0 = 1 and
α = 1 (see Fig. 2a & b). Another motile particle placed
in its vicinity will face torques tending to align it with
the streamlines as in Fig. 2a, and to orient its axis along
the extensional direction of ε as in Fig. 2b. The log-scale
color maps in Fig. 2a & b show the rapid decay of strains
and curvatures decay rapidly in the forward direction as
we mentioned above.
We now turn to the coupled dynamics of two motile
particles ([37], S1), focusing on the simplest case of a pair
initially oriented along the x direction with the same x
coordinate, and separation d in the y direction. In order
to calculate the threshold value of κ above which the
particles attract each other, we substitute the value of
the displacement field from Eq (5) in Eq. (7) and set
dn/dt to zero with nx = 1 and ny = 0. We find that the
motile particles turn so as to move towards each other
above a critical value of κ, κcf/µv0 = να[γ1/v0+γ2/v0−
(γ1/v0)ν
−3K1(d/2ξ)/K1(νd/2ξ)]. Fig. 2c & d show that
the trajectories of two motile particles diverge at κ = 0
and converge at κf/µv0 = 0.5, respectively, for dµ/f = 5,
γ1/v0 = γ2/v0 = 1, η = 1 and α = 1; here, κcf/µv0 =
0.26.
We test our theory in experiments, and in simulations
that re-create the experiments in a mechanically faithful
manner and should therefore be viewed as numerical ex-
periments. We work with a now well-established model
active-matter system [34, 46, 47]: brass rods, 4.5 mm
long and tapered towards one end and hence geomet-
rically polar, surrounded by aluminium beads of radius
a = 0.4 mm, all confined between a pair of plates of
fixed separation slightly larger than 2a, agitated verti-
cally, rendering the rods motile. Simulation and experi-
mental details are provided in ([37], S5) and in [34, 48].
We chose this system because the bead medium flows like
a fluid at low bead area fraction φb(. 0.72), but forms
a crystalline lattice at high φb ([37], S6). As illustrated
in Fig. 3a, at φb = 0.70 the flow profile around a sin-
gle rod has the two-lobed form expected for a monopole
force density [34, 49] in a fluid on a substrate, whereas at
high φb the flow is totally suppressed apart from a weak
random component (see Fig. 3b and Supplementary Fig.
4 [37]). Crystal elasticity shuts down large-scale flow but
the polar rod remains motile.
The first confirmation of our theory is seen in Fig. 1a
& b. We see that the lattice displacement field around a
single rod from the simulation at φb = 0.80 qualitatively
matches that predicted by our theory with η = 10 and
α = 1, except close to the polar rod whose nonzero size
is not included in our theory (see [37], S3, for the details
of the displacement field calculation). More convincingly,
key predicted features of Ux (Fig. 1c & d) and Uy (Fig. 1e
& f), including the rapid (slow) decay at positive (neg-
ative) x, and the distinctive profile of Uy, including its
negative sign for x < 0, are well confirmed by the simu-
lation. The observed y dependence is also in satisfactory
though qualitative agreement with theory (Supplemen-
tary Fig. 1 [37]). However, a fit of the numerical data
to theory does not give a single set of values for param-
eters for both components of U as a function of x and
y. This could be because of difficulties in inferring the
displacement from shifts in the peaks of the particle num-
ber density, effects of the large size of the polar rod, and
the presence of noise, unaccounted for in our analytical
theory.
We now study the dynamics of two parallel rods ini-
tially pointing in the x direction. The initial longitudinal
(x) distance between the rods is set to zero in all the ex-
periments and simulations, at φb = 0.70 and d0 = 15a,
the lateral distance d(t) between the rods increases with
time in both experiment and simulation (see Supplemen-
tary Movie S3, S4 and Supplementary Fig. 5a & b [37]).
This is a simple consequence of the rotation of the orien-
tation of each rod by the vortex generated by the other
when the bead medium is fluid-like, at φb = 0.70. Cru-
cially, in the crystalline medium, the rods attract each
other as shown in Fig. 3c & e for φb = 0.78 and d0 = 15a
where d(t) decreases with time (see Supplementary Movie
S1 and S2) in both experiment and simulation. This con-
firms our prediction of an attractive interaction mediated
by activity and the elasticity of the crystalline medium
of beads.
The motility of the rods is crucial for the attractive
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FIG. 3. Velocity field and elastic attraction: (a) and (b)
show the unit vector plot of the velocity field around a single
motile rod at bead area fraction φb = 0.70, and φb = 0.80.
At φb = 0.70, the flow pattern is similar to that predicted for
a monopole force density [34, 49] in a fluid on a substrate,
whereas at φb = 0.80, the velocity field is suppressed due to
the elastic behaviour of the medium. (e) & (g) show vertical
coordinates of a pair of rods with initial separation d0 = 15a
and φb = 0.78 in experiment and simulation respectively, pri-
mary evidence for pair attraction in the crystalline medium.
(f) Simulation & (h) experiment show that attraction proba-
bility Pa decreases with increasing initial separation for two
values of φb.
interaction. We have checked that elongated but ap-
olar rods (of the same central diameter but symmetri-
cally tapered at both ends) show essentially no interac-
tion when placed in the crystalline array of beads ([37],
S8). This justifies our neglect, mentioned earlier, of di-
rect couplings to elasticity in (1). Rotational noise in the
rod dynamics in the experiments introduces a stochas-
tic element in the capture process; particles occasionally
turn away from each other and escape. To quantify the
attraction between the rods in the presence of noise, for a
given φb and d0, we have performed 50 (12) independent
runs in the simulation (experiment). We then calculate
the percentage Pa of trajectories for which the lateral
distance between the rods goes below 5 bead radii after
travelling around 80 bead radii in the longitudinal di-
rection. Non-interacting rods, as a result of rotational
noise, would turn towards or away from each other with
equal probability, so Pa would be 50 %. We therefore
use Pa > 50% as a reasonable statistical definition of at-
traction. Fig. 3d & f present Pa vs initial separation in
experiment and simulation. A substantial decline with
increasing d0 at fixed φb is clearly seen. A perceptible
decrease in Pa as φb is increased from 0.78 to 0.80 in
the simulation is probably because the lattice is begin-
ning to jam, thus suppressing the strain field required for
attraction.
It is clear from the formulation (4)-(7) that the interac-
tion between the motile particles is a consequence of the
reorientation of their active motion rather than a pair po-
tential. We now underline the nonequilibrium character
of this interaction by a striking demonstration of its non-
reciprocal nature. Unlike in [25], we are dealing here with
interactions between two particles of the same type, so
non-reciprocality operates with respect to their relative
locations and orientations, as in [26–28, 31]. The strain
field generated by each motile rod reorients the other,
thus redirecting their velocities. The fore-aft asymmetry
of the lattice distortion in (5) and Fig. 1 implies that
if one rod is situated in front of another, as defined by
the heading of the latter, the two experience drastically
different reorienting torques. The strain field generated
ahead of the trailing rod is highly screened, unlike that
which the leading rod produces in its wake. We expect
the trailing rod to reorient strongly, while effectively con-
cealing its approach from the leading rod. We illustrate
this through theoretically calculated particle trajectories
which we compare with our numerical experiments.
We consider a pair of particles initially aligned per-
pendicular to each other, pointing along say the x and
y directions. We isolate the key role of the apolar cou-
pling κ in (7) by setting γ1 = γ2 = 0, and show that
for κ > 0 capture always takes place, as illustrated in
Fig. 4a for κf/µv0 = 100. The calculated dynamics dra-
matically reiterates what we argued qualitatively above:
the encounter takes place by one particle approaching the
other from behind, and turning towards it, while the par-
ticle in front moves entirely oblivious of the approach of
the other, see Fig. 4a, a direct consequence of the strong
fore-aft asymmetry in the screening of the displacement
fields of the moving particles, (5). We find striking con-
firmation of this prediction in our numerical experiment,
see Fig. 4b.
Lastly there is the question of the relative importance
of the polar and apolar couplings in (7). The streamline
plots, Fig. 2, suggest that γ1, γ2 give rise to more com-
plex and rapid spatial variation than the apolar strain-
aligning κ term and do not play an important role in
the pair attraction. We illustrate these distinct roles by
plotting trajectories calculated by numerically solving (7)
and (1) for the pair, with κ = 0, for various positive and
negative values of γ1, γ2, and see that in all cases capture
does not take place. We also show that for γ1, γ2 = ±10
5and κ < 0 again capture is unsuccessful (Supplementary
Fig. 6 [37]). The reason is that the alignment directions
of the rods would now have to be perpendicular to those
shown in Fig. 2b.
FIG. 4. Nonreciprocality in capture. Trajectories of two polar
particles which are initially pointing normal to each other. (a)
in theory for γ1/v0 = γ2/v0 = 0 and κf/µv0 = 100, (b) in
simulation at φb = 0.78 for initial y separation 39.37a.
In conclusion, we have constructed the theory of the
dynamics of active particles moving through an elastic
medium on a substrate, and show that they interact
by reorienting each other via elastic distortions created
by their motility. The result is a non-potential, non-
reciprocal sensing and trail-following behaviour of purely
mechanical origin. Through experiments in the labora-
tory and on the computer, on macroscopic particles ren-
dered active by mechanical vibration, we have confirmed
the predicted form of the elastic disturbances and the
non-reciprocal attraction and pursuit. This interaction
should be observed between motile cells in a supported
gel layer or epithelium. Modifications associated with
momentum conservation arise in principle for a bulk 3-
dimensional medium such as the extracellular matrix but
even there the relatively rigid components of the matrix
could serve, over some time- and length-scales, as a mo-
mentum sink for the dynamics of the more deformable
components. Multiparticle behaviour, the competition
between alignment and attraction in the collective dy-
namics, and the effect of quenched disorder, as well as
the relation between the parameters of our coarse-grained
theory and particle-scale properties remain outstanding
challenges.
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2S1. DETAILED THEORY
Displacement field around a motile particle
As discussed in the main text, we assume that the motile particle oriented along n(t)
exerts a force monopole density fδ(r−R(t))n(t) on the elastic medium, where R(t) is the
position of the motile particle. Then the equation of motion for the displacement field u for
the elastic medium on a substrate is given by
ζ∂tu = −
δF
δu
+ fδ(r−R(t))n(t), (1)
where F is the free energy functional for the elastic medium and ζ is the dissipation constant
of the substrate.
Assuming that the dynamics of elastic medium is governed by the free energy functional
F =
∫
d2x [λ(Trε)2/2 + µTr(ε2)] [1], Eq. (1) becomes
ζ∂tu = (µ∇
2 + λ∇∇·)u+ fδ(r−R(t))n(t). (2)
For simplicity, we consider that the motile particle moves with a constant speed v0 along
n(t). Therefore,
R˙(t) = v0n(t). (3)
Let U(r′, t) be the displacement field in a coordinate frame S comoving and co-rotating
with the motile particle and S is the rotation matrix from frame S to the lab frame then
u(r, t) = S(t) ·U(r′, t), where r′ = ST · (r −R(t)). Considering that the motile particle is
oriented along the x direction in frame S, n(t) = S(t) · xˆ. Then, from Eq. (2)
ζ
[
∂
∂t
+ ST · S˙ ·+r′ · ST · S˙ ·∇′
]
U = [ζv0∂
′
x + (µ∇
′2 + λ∇′∇′·)]U+ fδ(S · r′)xˆ. (4)
For the motile particle pointing at angle θ(t) from the x axis, n(t) = (cos θ(t), sin θ(t)) and
the rotational matrix
S =

cos θ(t) − sin θ(t)
sin θ(t) cos θ(t)

 (5)
which gives us ST ·S˙ = ǫTθ˙. Here ǫ is the 2D Levi-Civita symbol. As |S| = 1, δ(S·r′) = δ(r′).
Then Eq. (4) reduces to
ζ
[
∂U
∂t
+
[
ǫ
T ·U+ (r′ · ǫT ·∇′)U
]
θ˙(t)
]
= [ζv0∂
′
x + (µ∇
′2 + λ∇′∇′·)]U+ fδ(r′)xˆ. (6)
3For the motile particle subjected to no torque, θ˙(t) = 0 and U will be constant in time in
the stationary state i.e. U ≡ U(r′) and the above equation is simplified to
[−ζv0∂x − (µ∇
2 + λ∇∇·)]U = fδ(r)xˆ. (7)
Fourier transform of the above equation gives:
− iv0ζqxUq + µq
2Uq + λqq.Uq = f xˆ, (8)
where Uq is the Fourier transform of U. Solving above equation for Uq, we obtain:
Uq =
(
fξ
µ(ξq2 − iqx)
+
fqxξ
iζv0(q2ξ − iqxν)
−
fqxξ
iζv0(q2ξ − iqx)
)
xˆ
+
(
ifqyξ
iζv0(ξq2 − iqxν)
−
ifqyξ
iζv0(q2ξ − iqx)
)
yˆ, (9)
where ξ = µ/ζv0 and ν = (1 + η
−1). Now, to derive the expression of U, we first perform
the inverse Fourier transform of Uq with respect to qx using the contour integration, and
then with respect to qy using already solved integrals given in [2]. It gives us the following
expressions of x− and y−component of U:
Ux =
f
4πµ
[ [
K0
( r
2ξ
)
−
x
r
K1
( r
2ξ
)]
e
−
x
2ξ + ν
[
K0
(rν
2ξ
)
+
x
r
K1
(rν
2ξ
)]
e
−
xν
2ξ
]
Uy =
f
4πµ
y
r
[
νK1
(rν
2ξ
)
e
−
xν
2ξ −K1
( r
2ξ
)
e
−
x
2ξ
]
,
(10)
where r =
√
x2 + y2 and K0 and K1 are the modified Bessel functions of the second kind.
Coupled dynamics of two motile particles in elastic medium
Let us consider two motile particles whose orientations and positions at time t are denoted
by ni(t) ≡ (cos θi(t), sin θi(t)) and Ri(t) (i = 1, 2), respectively. Then the displacement field
in the lab frame created by ith particle will be
ui(r, t) = Si(t) ·Ui(r
′
i, t) (11)
with
r′i(t) = Si(t)
T · (r−Ri(t)), (12)
4where the rotation matrix Si(t) is given by (see Eq.(6)):
Si(t) =

cos θi(t) − sin θi(t)
sin θi(t) cos θi(t)

 . (13)
The displacement field Ui(r, t) due to ith motile particle in its comoving and co-rotating
frame follows the equation of motion (see Eq. (6)):
ζ
[
∂Ui
∂t
+
[
ǫ
T ·Ui + (r · ǫ
T ·∇)Ui
]
θ˙i(t)
]
= [ζv0∂x + (µ∇
2 + λ∇∇·)]Ui + fδ(r)xˆ. (14)
We now assume that the motile particles mutually interact with each other via their dis-
placement fields ui(r, t). As argued in the main text, the dynamics of the orientation of ith
particle is governed by the equation of motion:
dni(t)
dt
= (I− nini) ·
(
γ1∇
2uj + γ2∇∇ · uj + κεj · ni
)
, (15)
where εj is the traceless part of the strain tensor (∇uj +∇u
T
j )/2 and j = 1(2) for i = 2(1).
We can easily see from the above equation that equation of motion for θi will be
θ˙i(t) = zˆ · [ni ×
(
γ1∇
2uj + γ2∇∇ · uj + κεj · ni
)
]. (16)
With the above expression of θ˙i, second term in the RHS of Eq.(14) will be a nonlinear term
which we ignore in our calculation. Therefore, in the stationary state, displacement field Ui
is simply given by Eq.(10).
From Eq. (3), the position Ri(t) of ith particle obeys:
R˙i(t) = v0ni(t). (17)
We integrate the Eqs (15) and (17) numerically to get the trajectories of the two particles
in the elastic medium.
5S2. ON THE COUPLING OF ROD ORIENTATION TO STRAIN
The particles in the experiments and simulations are rods tapered towards one tip, and
self-propel with the tapered end forward. Considerations of excluded volume suggest that
the fat, i.e., non-tapered end would be more easily accommodated in dilated regions, and
on the “outside” of a curved region of crystal. This suggests that n would like to point
antiparallel to ∇∇ · u but parallel to ∇2u, i.e., γ1 > 0, γ2 < 0. However, the interactions
could be kinetic in which case essentially entropic excluded-volume arguments are not a good
guide. A sensory or behavioral motility-strain coupling arises in a recent model of honeybee
swarm mechanics [3], in which bees orient and move towards regions of large dilation, which
would amount to γ2 > 0.
S3. INFERRING THE DISPLACEMENT FIELD FROM THE PARTICLE
SIMULATION
In order to extract the displacement field, we first evaluate the time-averaged number
density profile of the beads ρ(r) around a moving rod in its rest frame. Thereafter, the
density profile of the undeformed crystalline medium ρ0(r) is calculated by extrapolating
the density profile ρ(r) far away from the rod, assuming that the crystalline medium remains
undistorted distant from the rod. We now calculate the displacement field ue(r) by mapping
ρ(r) onto ρ0(r) as ρ0(r) = ρ(r+ ue(r)).
6S4. DISPLACEMENT FIELD PROFILE ALONG Y
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Supplementary Figure 1. Displacement field decay profile: (a) & (b) y dependence of Ux at x = 0
in simulation and theory: symmetrical decay of Ux(x = 0, y). (c) & (d) y dependence of Uy at
x = 0 in simulation and in theory.
S5. EXPERIMENTAL AND SIMULATION DETAILS
Our experiments are preformed with the aluminium beads, diameter D = 0.8 mm and
tapered brass rods, length ℓ = 4.5 mm, having diameters 1.1 mm and 0.8 mm at its ends, ly-
ing between the circular plate of diameter 13 cm and glass lid, separated by gap w =1.2 mm
[4–7]. The gap w is kept to bare minimum, so that the system forms a monolayer. The plate
is mounted on a permanent-magnet shaker (LDS V406-PA 100E) driving it sinusoidally in
the vertical direction with frequency f= 200 Hz and shaking strength Γ ≡ A(2πf)2/g = 7.0,
where A and g are the shaking amplitude and the gravitational acceleration, respectively.
Images of the particles are recorded using a high-speed camera (Redlake MotionPro X3),
which are further processed using ImageJ [8] to extract the trajectories of the particles. In
numerical simulations, the rod is modelled as an array of overlapping spheres of different
sizes [6] and the vertically vibrating plate and glass lid are represented by the two horizontal
walls whose vertical positions at time t are given by A cos 2πft and A cos 2πft+w, respec-
7tively. The particle-particle and particle-wall collisions are governed by the Impulse-based
collision model [9] and the ballistic dynamics of the particles is governed by Newtonian rigid
body dynamics. We use the time-driven particle dynamics algorithm to perform the simula-
tions. VMD software [10] is used to make all the movies and snapshots from the simulations.
The values of the friction and restitution coefficients are 0.05 and 0.3 for particle-particle
collisions, 0.03 and 0.1 for rod-wall collisions, and 0.2 and 0.3 for bead-wall collisions, re-
spectively. Periodic boundary conditions are applied in xy plane to the square simulation
box of side length 78a.
S6. HEXATIC ORDER PARAMETER AND ITS CORRELATION FUNCTION
FOR THE BEAD MEDIUM
We examine here the ordering of the bead medium without rods, at varying bead area
fraction ranging from 0.71 to 0.80. We focus on the global bond orientational order param-
eter ψ6 and the bond orientational correlation function gB(r). We first evaluate the local
orientational order parameter, defined as
ψ6,i =
1
Ni
Ni∑
j=1
exp(6iθij), (18)
where Ni is the number of particles within the cut-off distance rmin from the i
th particle
and θij is the angle, with respect to a reference direction, made by the vector from the
centre of the ith to that of the jth bead; rmin is the position of the first minima of the radial
distribution function
g(r) =
1
ρ0
〈
ρ(r′)ρ(r′ + rn)
〉
. (19)
In the above expression, the angular bracket stands for the ensemble average over all values
of r′ and,
ρ(r) =
N∑
i=1
δ(r− ri) (20)
is the number density field and ρ0 is the average number density. We then calculate the
global bond orientational order parameter
ψ6 =
∣∣∣∣∣
N∑
i=1
ψ6,i
∣∣∣∣∣. (21)
8Supplementary Fig. 1a shows the ψ6 as a function of bead area fraction φb, ranging from
0.71 to 0.80. ψ6 is close to zero below φb = 0.72, implying that the bead medium lies in the
liquid phase for φb < 0.72, above φb = 0.72, ψ6 grows gradually with area fraction φb and
saturates for φb > 78.
We find that the behaviour of the bead monolayer as a function of area fraction is consis-
tent with two-step melting [11]. The evidence for this comes from the the bond orientational
correlation function
gB(r) =
〈
ψ∗
6,i(r
′)ψ6,i(r
′ + rn)
〉
g(r)
.
Supplementary Fig. 1b shows that gB(r) decays exponentially with r for φb < 0.72 and
algebraically with r for 0.72 ≤ φb ≤ 0.75. For φb > 0.75, gB(r) approaches a nonzero value
for large r. This is consistent with the 2D melting scenario [11] in which the crystalline phase
has long-range bond order (and quasi-long-range translational order), and the hexatic phase
has quasi-long-range bond order. We can therefore use a nonzero hexatic order parameter
as a reliable identifier of the crystalline phase.
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Supplementary Figure 2. (a) ψ6 order parameter as a function of bead area fraction φb. (b) Bond
orientational correlation function vs distance r scaled by bead radius a at different values of φb.
9Mean squared displacement of the beads
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Supplementary Figure 3. Mean squared displacement of the beads without rods at area fraction
φb = 0.71 and φb = 0.80
Motile rods drag beads in the fluid phase and not in the crystal
We see from Fig. 4b and Supplementary Movie 6 that the rod does not drag the beads
around it at high φb, unlike the low φb (=0.70) case (Fig. 4a and Supplementary Movie 5).
This observation is consistent with the crystalline character of the bead medium at high φb.
(a)
(b)
Supplementary Figure 4. (a) Dragging of surrounding beads (marked purple) by the rod due to
their fluid-like state of organization at φb = 0.70. (b) At φb = 0.80, the beads around the rods
remain almost unperturbed because of the crystalline nature of the bead medium.
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S7. TWO-PARTICLE TRAJECTORIES IN FLUID MEDIUM
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Supplementary Figure 5. Vertical coordinates of the particles with initial separation d0 = 15a and
φb = 0.70 in simulation (a) and in experiment (b).
S8. MOTILITY MATTERS: APOLAR RODS DON’T ATTRACT
In the main article we discussed a variety of mechanisms that could give rise to inter-
actions between inclusions in an ordered medium. Some operate in equilibrium systems
[12–15], others in active systems [16], but none involved self-propelled motion. Here we
show that such mechanisms are not at work in our system and that motility is essential for
the attraction between active polar rods in our studies. We do this by examining the dy-
namics of two apolar rods, with the same central diameter as the polar rods of our study but
tapered at both ends, suspended in the crystalline bead medium at area fraction φb = 0.70
and φb = 0.80. We find that the apolar rods neither attract nor repel each other(see Sup-
plementary Movie 7 and 8). This observation shows unambiguously that motility is crucial
for the attractive interaction of polar rods in our studies.
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S9. PARTICLE TRAJECTORIES IN THEORY FOR DIFFERENT VALUES OF
γ1, γ2 AND κ
Supplementary Figure 6. Trajectories of two polar particles in theory which are initially pointing
normal to each other, (a) for different values of γ1/v0 and γ2/v0 at κf/µv0 = 0, (b)for κf/µv0 =
−100 and 100 at γ1/v0 = γ2/v0 = 0. Here α = 10 and η = 1.
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